STICHTING

MATHEMATISCH CENTRUM

2e BOERHAAVESTRAAT 49
AMSTERDAM

AFDELING TOEGEPASTE WISKUNDE

Report TW 102

oome analytical aspects of the

Tricoml Problem

by

PedJe ved. Houwen

December 1966



The Mathematical Centre at Amsterdam, founded the 11th of February, 1946,
is a non-profit institution aiming at the promotion of pure mathematics and
its applications, and is sponsored by the Netherlands Government through the
Netherlands Organization for the Advancement of Pure Research (Z.W. O.) and

the Central Organization for Applied Scientific Research in the Netherlands
(T.N.O.), by the Municipality of Amsterdam and by several industries.



" . < b @
Some analytical aspects of the Tricoml Problem"

Introduction

In thls paper we study some of the analytical aspects of equations
of the mixed type. Such equations are fregquently encountered in the
theory of transonic flow and then give rise to a special boundary value
problem, called the Tricomi-problem. The analytical treatment of such

problems may be divided in three simpler problems, which are in essence

L

1°. A Dirichlet problem.

2%, A Cauchy problemn.

3°. The problem of solving a singular integral equation.

The first problem will hardly be discussed. For the Cauchy problem we
presented a very simple method leading to the solution of a class of
equations including the Tricomi and Gellerstedt equations. In connection
with the third problem we studied uniqueness proofs for equations of the
mixed type. According to the Fredholm alternative for integral equations,
this enables us to decide for which problems there really exist unique
solutions, a very important problem in transonic flow. To obtain explicit

solutions for the Tricomi problem it seems desirable to employ numericeal

methods. In a forthcoming paper we discuss this problem.

1. Equations of the mixed type

We consider a linear partiasl differential equation of the second

order

0,

(141) Ly = Ay

+ Qway + Cy + Dw,bx + Expy + Fy

XX Yy

with real coefficients which are functions of the two 1ndependent
variables x,y defined in a domailn Rof the X,y plane. If the discriminant
A = 82 - AC changes sign in R (1.1) is called an equation of the mixed

type. According to the sign of A the domain R may be divided in elliptical,

parabolical and hyperbolical points.



According to the standard theory to (l1.1) we may assoclate characteris-
tic variables ¢ and n such that ¢(x,y) = constant and n(x,y) = constant

are solutions of

. - B + A
(1.2) 4y F

dx A
These varilables are either real or complex conjugate.
In terms of the new 1ndependent variables ¢ and n equation (1.1) may

be written as

Yy = 0,

L o .
(1.1") Y + DTU)C + E]wn F,]

G N
The variables {, n may be replaced by the followlng variables which
are always real

1 2/3 1/3

| ' | 2
(1.3) v, =*§*(€ + n) g = (%J {"(C - n) } s

and transformation to the variables 6 and o yields the equation

(1.1") 0W86 + Y + dwe + ewo + fYy = 0.

g0

In analogy to the elliptic and hyperbolic equations this may be called

the normal form of the equations of the mixed type. The equation

(1;&) Owee -+ woo o O

then corresponds to the equation of Laplace and the wave equation.
Equation (71.4) is called the Tricomi equation and may be considered
as a natural completion of the usual classification of partial

differential equations.

2. Gasdynamics

Equations of mixed type appear in the theory of gasdynamics when
the streamfunction 1n the hodograph-plane 1s calculated.
We consider plane stationary potential flow which in the physical

(x,y)-plane can be described by



| 7 > . >
(2¢1) c Vp + p(q ¢ V)q = 0,
-
(2.2) V. ¢+ pq = 0,
(2.3) V xq =0,
where p 1s the density and g 1s the wvelocity. Further ¢ = follows

d 0
from the known equation of state p = f(p). We may introduce a stream

function ¢ and a potential function ¢ for which

Vi = ; = (“DV, DU) s VO = a = (u,v).

The streamlines Y constant and the potentiallines ¢ = constant define
a curvilinear orthogonal coordinate
system in which the equations (2.2)
and (2.3) may easily be transformed

by means of the formula [28]

0

.
V s & = -~ k.a.
a Ehacii a, -~ kKja.,

which describes the transition of
the divergence in the (x,y)-plane
to a generalized (Ci)msystem'with

scalefactors h. and coordinate

1
curvatures ki. In this case we have
fig. 1 C1 = ¢ and CQ = Y, so that
_ \ 1 1
(2.L4) h, = T h, = iR

If 6 18 the angle formed by the wvector a and the positive x directilon

we obtaln

: o

(2.5) k, = -pqg — 06 , k2 q 39 O .

1

) . . —> , | T - |
Since in the (¢,¥ )-plane we have pg = (pg,0) and ST (0,g) the
equations (2.2) and (2.3) are transformed into

' | ’ 2 -
(2.2") qloqd¢ + (pq) %) 0,

(2.3") g q, -4 8. = 0.



It 1s our purpose to take the hodograph veriables g and ¢ as new

| | S . “ 9 J
‘J’.ndependen“c varlables ¢ USlﬁg the relatlong "5"'""" — q_cp —éwa* e e(p w--ge an&
J ? | 3
50 - Yy 3q Yy g8 Ve 8ct
| = + O m O =g + 3

and

I the transformation determinant D does not vanlish we have

‘ :-l-!f-@m . :_.-L-’-)-n-- ” =f§,

¢

=3
. ew D

If we transform the equations (2.2') and (2.3') to the hodograph plane

the term q(oq)¢ gives rise to a nonlinearity, for we can write

+ o
6 1o
_ 2 | - w e 2 d .
where q p¢ causes the nonlinearity. We eliminate ¢ 0(P with the aid
of equation (2.1). The component of Vp along a streamline 1s given by

q(oq)(b = qpPq

m | e
L S i -1 L
135 P~ 729 359772717 %:
C C
The following linear system 1s obtained
(2.6) @
:O,

where M = q/c¢ 1s the local Mach number.
We suppose that p and M depend only on g. Then by differentiation with

respect to q and 6,¢ can be eliminated from (2.6) and we obtain an

equation of the type (1.1)

; ..§........ q ..* “M - 1
(2.7) 33 ( = Yy ) o by = O-



The discriminant of this equation is given by

Me -

2
d

(2.8) A =

which changes of sign for M = 1, 1.e. when g equals the local velocity
of sound. Hence 1n the points where the flow 1s changing from subsone

to supersone equation (2.7) changes of type. In other words equation

(2.7) 1s of the mixed type and the sonic line corresponds with the
parabolic line.

Next we 1nvestigate the physical meaning of the characteristics

) e | L u . f
of equation (2.7). Let 1— be the characteristic lines in the (x,y)-plane
e

with the unit tangent 1. Along 1 we have

—a—g. ‘ | | @ |

(2 9) -g'g. 5 Bl B I . v . (11312) (qq¢3 pqu)
’ Y- - (1..1.) » (gb6 , pgd ) °

36 _g_je_a__ T a8,, pa9,

-

where 11 and 12 are the components of 1 along the potentiallines and

the streamlines respectively.

From (2.6) we have

(2.10) VO = (qu, (Mg - 1)q¢).

Substituting this into (2.9) and recalling that 11 = + 1T -~ lg ,

we obtailn

+ 012q + 'l-12,q

(2.11) dq _ _ = . = v 2 .
36 ” s
M~ - 1 + pV1-1_..Q

- 2 VY. /v
-+ 12 M =1 q¢

M2-1

On the other hand the line 1 corresponds to a characteristic of (2.7)

sO that

(2.12) aq _ _—



From (2.11) and («.12) we obtain the result

l
e
Lo TRy

Let o be defined as the angle between 1L and q (see figure 2), then
. 1
a = gresin(t ).
y Machline
? X -+ | - . B .
1 This means that the lines 1— are

< 1dentical to the socalled Mach

lines, thus the Mach lines correspond

Z- to the charsascteristics.
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fig. 2
One can also state something about
. - - e - u h
sonic %fne - the orientation of the sonic line
AN/ L. line in the physical plane (figure 3).
Suppose that the flow at the "left"

hand side of the sonic line s 1s

o y | M > | . |
~ str. line subsone and let s be the unit tangent

along s then from (2.10) we have

(2.13) 22 =35 Vg = 0S.Q

In figure 3 two different situations are illustrated, showing that
36
0S

variable 6 along the sonic line.

18 always negative. In general we have a monotonic behaviour of the

In some 1mportant cases 1t 1s possible to give an explicit formulation
of the boundary value problem in the hodograph plane by means of this
method. In particular the transonlc flow through a two-dimensional

pipe (see figure 4) can be treated in this way.
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We suppose that the flow 1s symmetrical and that the walls and the
axis of symmetry (x-axis) are streamlines. According to Frankl' ( [h],
[29] ) the point Q in figure 4 will be a sonic point and the Mach line
starting 1n the sonic point P on the x-axis will run through Q.

These data are sufficient to give a formulation of the boundary value
problem 1n the hodograph plane. In the subsonic region the boundary

is formed by the lines 6 = + 6, (figure 4) and a line q(ej) corresponding

to the velocity distribution aS, the entrance of the pipe. In the super-—
sonic region the boundaries are formed by the Mach lines, i1.e. the
characteristics of the equation. In the hodograph plane the point Q lies
on a characteristic.

Instead of the variables g and 6 we use varlables ¢ and 6 by means of

which equation (2.7) can be transformed into a more appropriate form.

(2.14) K(O)wee + ‘JJOO = 0,
_ ,qcrp .  R
where ¢ 1s defined by ¢ = J E-_- dq and K(o) = —
' q p

The point q = O corresponds to 0 = « and the sonic line corresponds to
the 6-axis. In the new hodograph plane the geometry of the boundary

value problem may be sketched as in figure 5.
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Since the flow 1s symmetrical with respect to the x-axis the boundary
value problem 1s symmetrical with respect to the line 6 = 0. Therefore
1t 1s sufflcient to consider only one half of the region say that of

6 > 0.

The curve CA corresponds to the velocity distribution at the entrance
of the pipe. It 1s necessary to prescribe this distribution (section 6)
oLy

beforehand. Equation (2.74) 1s called the Chaplygin equation and the

boundary value problem can be considered as a special case of the

Tricoml problem. Before this problem appeared 1n the theory of gasdynamics,
Tricoml (1923) considered a slightly more general boundary value problen,
1n which the elliptic boundary was an arbitrary Jordan-curve. He restricted
the considerations to the Tricomi equation (1.4). In this connection we
remark that the Chaplygin equation resembles the Tricoml equation very
closely 1f o 1s small and the fluid 1s an i1deal adilabatic gas. In that

case we have

c
(2.15) M2 ﬂ=2%5“£L*?§ . p =
2B8-q

where p.. and B are constantse.

O

Choosing p, = 1 we find from (2.1L4)



K(0) =0, K'(o) >0, K'(0) = 1

(2.16) and
lim K(o) = 1 , 1lim K(o(q)) = ==,
g >0 o+0 (V2R )
K(o)
T
e m— v—— —— — oot —— comror— %
o .
min

! AR I -

We conclude this section by mentioning a remarkable transformation
between the Chaplyglin equation and the Tricomi equation. Germailn and
Liger [éd] proved that it 1s possible to reduce the Chaplygin equation

(2.14) to the Tricomi equation by means of the.transformations

3/2 1/6

: 0 U w . _
(2.17) 3y = 2z , X+ly = tg(5j+-1s) , B(s)v(e,s) =y "Tulz,x),

where a = constant.
This yields

71 + 1 = 0.
XX Z 7

This confirms the central place of the Tricomi equation 1n gasdynamlcs.



3. Survey of analytical methods

In thlis section we give an outline of some methods to treat
boundary value problems such as the Tricomi problem. We consider a
mixed equation 1n an elliptic domaln N, s parabolic line C and a

hyperbolic domain U (see figure 6).
yn Since the behaviour of the solution
v of the equation Ly = 0 is different
in the elliptic domain from that 1in
the hyperbolic domain, one attempts

to solve the followilng problems

separately

fig. 6

(E) The explicit solution of the equation in the elliptic domain in
terms of the values v, Y or wy* on the parabolic line, which
satlisfies the conditions along the boundary‘@ﬁf

(H) The same problem for the equation in the hyperbolic domain.

(P) The matching of the two solutions on the parabolic line by elimina-

tion of the used values for vy, wx or wy on the parabolic line.

The elliptic problem (E) - Untilil this time the greater part of the
thebry concerns equations of the type

(3.1) K(Y Wy * ¥y = O

: L L | + . |
with boundary conditions of the first kind along the curve B (figure 6).

Where K(y) = y (equation of Tricomi) the problem may be reduced to a

potential problem under the transformations

2 3/2
I‘“‘-—-“'r'é"y?)/ s 4 = X,

yielding

(3.2) v+ Y+ ]

77 rr Rr 'r
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The solution of (3.2) may be considered as an axial-symmetric solution
of the Laplace equation 1n a 2 1/3 dimensional region.

Holmgren (1916) was the first to give explic 1tly Green's function of
the problem [22]. Later Weinsteln %( 1948 ), applying his generalized
axlal-symmetric potential theory (the socalled GASP-method ) [37 , 38, 39,
40, 41|, and Germain and Bader (1950) , With a group of transformations

[7, 13, 14, 15], constructed other fundamental solutions for (3.2).

For the more general equation of Chaplygin, Germain (1952) gives an
integral representation of a fundamental solution by applying the
generalized Fourier-theory of Laurent Schwarz [‘l ’l:] .

With the aid of the fundamental solution of Holmgren, Tricomi [36] .
Gellerstedt [—6:] and Protter [32] , £1ve the solution Y 1n terms of
v(ix) = Lby(x,O) for the cases K(y) Z y (Tricomi equation), K(y) = ym

(Gellerstedt equation) and K(y) e_CS (Chaplygin equation) respectively.

The hyperbolic problem (H) - We considered only methods for the Chap-
lygin equation yielding Y in terms of v(x) and where Y satisfied the
boundary conditions on B . To solve this problem one considers first
the Cauchy problem on the parabolic line.

Tricoml and Gellerstedt solved this problem in a very complicated
manner (due to Hadamard) for the cases K(y) = y and K(y) = ym
respectively. Protter generalized the method for K(y) é_C3 [_-32].

There are a large number of other methods to solve this Cauchy problem.
In the first place the method of Riemann DQ, 13, 19] , but also the
GASP-method of Welnstein, the transformation-groups of Germain and

Bader, and the i1ntegral-operators of Bergman [3] may be used to construct
fundamental solutions with the singularity in the hyperbolic region.

One may give directly an integral-representation for the solution of
equations of the Gellerstedt type ( Bergman {2] ), when we approximate

the initial-functions by polynomials. In the following section we derive
by very elementary methods also an ilntegral-representation, for the
solutions of a class of equations, including the Gellerstedt type.

After we have found ¥ in terms of v(x) and 1(x) = Y(x,0), we substitute
the boundary conditions along B , obtaining a functional relation

between 1(x) and v(x).



The elimination probiem (P) - From the solution of problem (E) we have

an expression for 1(x) 1n terms of v(x) and substituting this 1into the
relation obtained by solving problem (H) we get a functional relation
for vi(x) alone. If the conditions on D are of the first kind this
relation will be a singular integral equation for v(x). For example,

for the Tricomi equation and the Tricomi boundary value problem we

" t 3 : 1 2 'y .S )
' T - + — i
i \/3‘ g % T=X  t+x-2tx

|

+ | G(x,t)vit)at = F(x),

/0
where G(x,t) and F(x) are given functions.
Without solving this integral equation we can say something about the
unigueness and the existence of the solution. For the Chaplygin equation
and the Tricomil problem, the Fredholm-alternative applies to the
resulting lntegral equation, l.e., elther there exists an unique
solution for the boundary value problem, or there exist non-trivial
solutions of the equation hy = 0 satisfylng homogeneous boundary
conditions. An uniqueness-theorem proves the unique existence of a
solution, as then the kernel of h 1s trivial and the second possibility

18 contradicted.

L. The Cauchy problem on the parabolic line

First we consider the solution of the wave equation
(Lo1) v - v = 0.

It 1s well-known that the solution of the Cauchy problem on the x-axis
1s given by

)

!

] .
(L.2) (x,y) = [31(x~y) + 31(x+y)] + [y J vix+(1-2t)y)dt],
0

where 1(x) = p(x,0) and v(x) = pr.(x,O‘) on the interval [O,’!j .
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X —2=C X+2z.=

fig. 7 fig. 8

The functions 1(x) and v(x) completely define the solution in the
characteristic triangle OPQ. We may interpret the solution Y(x,y) as
a weighted sum of 1T and v over the interval of dependence [kmy, x+j]
of the point (x,y).

We consider now the Chaplygiln equation

L, Lt = K(v' = 0.
(4.3) Y (y)wx_x + wyy
Define
o [y -
(L.L4) z(y) = J \V/-K(y) dy,
0

then the characteristics are given by
(L.5) ' X + z = constant,

and the interval of dependence on the parabolic line of the point

(x,y) 1s given by
(4.6) x - z(y), x + z(y)].

The solution (4.2) suggests the following integral representation for

the solution of the Chaplygin equation

1 r '
(L4.7) P(x,y) = { F(x + (1-2t)z)v(t)de + y | Gi{x+(1-2t)z)w(t)dt,
. jO ‘jO

1n which we assume F to depend on t and G on v.



T4

From v = 0 we must deduce the functions F, G, Vv and w.
We divide the probliem into two more simple problems with v(x) = O and
1(x) = O respectively. Superposition of the two solutions gives the

solution of the general Cauchy problem.

a) vix) = 0 — We write f(x,z,t) = x + (1-2t)z and applying the operator
L to F, we obtaln
2 2

f © JF'(£) + (K£Z 4 £5)F"(f) =
(KE o+ £ JF'(5) + (Ke + £ )F"(1)

1!

(4.8) LF

, . 4 2 42 |
= (1=-2t)2z"F'(f) + (K + (1=2t) z'"7)F"(T).
It 1is our intention to transform LF into MF, where M 1s an operator
only 1n the variable t.

From the i1dentities

0 : |
T F ftF ( 1) 2zF'( 1)
and
3° > >
Sy - 4 = ¥ 1B | - ; 11 f
;;E-F ittF () + ftF () Lz F.( ),

we see that the folowing relations have to be satisfied
(4.9) (1-2t)z" = -2z a(t) ply),

(4.10) K + (1-2t)°2'% = 42%D(t) ply),

where a(t) and b(t) are certaln functions of t and p(y) 1s a certailn
function of y.
We see 1mmediately that

(Le17) a(t) = A 1=2t) and b(t) = t(1-t),
where A 1s a constant, while z = z(y) must satisfy the equations

"

z" + 2ip(y)z = O

2

21"+ ply)z

{!

0.
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If we eliminate p(y) from these relations we find a non-linear equation
for z(y)

o -
This relation restricts the class of egquations to which the method
applies. For the moment we assume that (4.12) 1s satisfied.

Next we substitute (4.9) and (4.10) into (4.8), obraining

r 1 N2
(L.13) W, =ply) | (alt) = + b(t) —=)F *» v(t)dr.
‘l } ot 2
0 ot
We define the operator M:
. 4 2
(4.14) M= a(t) —+ b(t) —= ,
ot .2
0T
with the property
(4.15) v(v)MF = FM v(t) + < P(v,F),
where
(L.16) M =-—~"§‘b(t) - -:é---a(*t)
_ v
ot
and
(4.17) P(v,F) = bvF,_ - F(bv)t + avF.

Substituting (4.15) into (4.13) gives:

D N
(4.18) Ly, =ply) | FM vdt + ply) -é-;-t-P(v,F)dt.
1 "O ‘0

t=1
- ]
Ly, becomes equal to zero 1f we set M v = 0 and P(v,F)i = 0.
t=0

*

In so dolng we obtalin,

I!

(vb)t - av = c = constant,

<
O
&
.
(2



Choosing ¢ = U this results 1n

- y A=T1 A=
(4.19) vit) = C.U '(Tut) .

{

A A o=l _
t (1=T7) F'(Xﬁ-kl-?‘ﬁjzy = (0 Oi’l‘h o
£=0

—

where C,  1s a constant.
From (4.20) we see that A > O.
Now that we have found v(t), the solution w1(x,y) becomes

a A-1

78 (x,y) = C l F(X + (1*2’13)2)13
1 | 0

and substituting Y(x,0) = 1(x) we find that

-
1(xX) = C1F(x) ( t (1~t)

* O

A"1dt = ciB(A,A)F(x),

where B(A,)) 1is the Beta-function.

Choosing C‘1 = BHW(A,A) and F(x) = t1(x), we finally have

(4.21) v ay) = B 0G0 | e T e T (1-28)2)at,
| O
which satisfiles the Chaplygin equation and the boundary condition

Y(x,0) = 1(x), wy(x,O) = 0, when z(y) 1s a solution of (4.12).

b) 1(x) = 0 — The solutlion of this second Cauchy problem follows exactly
the method used 1n case a).

One finds that sz may be written as

| ot 3 o 32 w o
(L.22) W, = aly) | (le(t) o= + dlt) —35)G « w(t)dt,
2 /o 't e

where q(y), 2(y), c(t) and d(t) must satisfy the equations
(1=2t)(yz" + 2z') = =22 q(y) c(t),

H 2 2 | ,. P
t(t=1)yz' =z~ da(t) aly).
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These equations are solved by the relations:

P(]“gt)a

c(t)
dit) = t(1-t),

2

(4.23) y(z''z = 2uz'") + 2zz2' = 0,

where . 1s a constant.

: N .
Again we define an operator M = ¢ §€-+ d.éua-. If M is the adjoint
e L ot
operator, we have
L .~ A ﬁ |
w(t )MG = GM w(t) + 3T P(w,G),

where P(w,G) 1s the corresponding bilinear concomitant.

Putting this into (4.22) we find that ng = 0, if

(4.2h) w(t) = C t* T (1t )P,

!
o

| | L . av
(4.25) i—t (1=t)¥G"(x + (1-21) zi = 0,
t

where C2 18 a constant.

Condition (4.25) implies that n > O. With (L.24) and remembering that

wy(x,O) = v(x), the solution wg(x,y) becomes

- 1
(4.27) v, (x,7) = BT (uonly | t7 (1-t)
0

“=1 (x+ (1-28) 2)at .

c) The general Cauchy problem - Obviously the solution of the general

Cauchy problem 1s given by
h r e . '
(M.28) w = w1 -+ wE

We have seen that the following conditions must be satisfied

1) 1(x) and v(x) differentiable.
‘ ' ry g o u y | - .
2) z(y) = | \V-K(y) dy satisfies the equations (4.12) and (4.23).
/0

From (4.12) and (L.23) we deduce that



| "
x 22 , H Z
A = . and L= A= e
2 " yz' °
22 |
._ _E | H L e X .
wilith the soluticn 2 = const(=-y) ard At pu = o
For Kly) we finglly tind
2\
e ) 4 L =2 A
(4.29) Kiy) = —~|const| (-y) .

where A > 0O,

The speclal case of the Tricoml equation 1s obtained for X = 1/6.

5. Uniqueness-proofs
We consider in the ﬂomain.@ithe equation
(5.1 Ly = 1,

with boundary conditions My = 0 along the boundary D and we denote

{

the sets {w | Ly = 0} and {w | My = 0} byciz andﬁl&. Now equation
(5.1) has an unigue sclution (1f there 1s a solution) inaﬁ&*when
d{f%ﬂ&ﬁ {O}g Therefore, 1t we can construct a functional which
vanishes on M , but which 1s derinite on N , We are sure that equation
(5.1) has at most one solution.inc(&a In this way the methods, employed
by Morawetz [?5] and.PTotter'[BW, 3?] for the Tricomi problem and
related problems may be interpreted.

Morawetz considered the functional

(5.2) F(yp) = -*(ﬁ (Kiy)w_ + wytyﬂa(x,y)wx*-b(x,y)wy)dxdy,
where a(x,v) and b(x,y) must be chosen in such a way that F(y) is
definite oncfQG For boundary conditions of the first kind, Morawetz
proved that one cannot find f unctions a(x,y) and b(x,y) for every
unique solvable boundary value problem, which make F(y) definite.

. , + | . 1.4 o o
The elliptical boundary D must always satlsfy certaln minimal conditions.
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Protter considered a slightly more general functional

.

(5.3) Fly) = g Ky )W otV ) lab, Dy, +c)dxdy,

which enabled him to treat arbitrary elliptical boundaries when K(y)
satisfles certailin conditions. In thilis section we gilve a matrix
formulation of the methods ¢of Morawetz and Protter, which 1s related
to the matrix method of Friedrichs for symmetric positive linear
differential equations.

Let E'be the vector (wx,wy,w)T, then the Chaplygin equation may be

written as

K(y')aju] + 82112 = &>
d2u2 - a1u2 = 0,
u1 - 81u3 = 0,
U, = 82u3 = 0,
sy o= O y = 9
where 81 = 37 and 82 alires

The boundary conditions are represented by ME = 0.

We define the matrices

K3 5 0 0 0 O
| Z

e -0 O 0 O O
S R 2 1

(5.4) (a_ .9 ) = , (¢ .) = ; (g) =
kj 1 0 0 _81 £ 1 0 0 K
-0
0 0 5 0 ] O

. 9. + c, . = .
(5.5) (8, .8, + ¢y Ju, =g
We transform this equation by multiplying it by a 3x4 matrix (tik),
obtalning
| 1 ‘
(5.6) ( 3., + Ju. =t

ik T xSk Yy T VikBke



or symbolically

e

(5.6") La = .

The functional F(y) 1s now defined by

- f’"‘ > -
(5.7) F(p) = | Lu - udxdy,

‘R

where the dot means the vector-product between Lt and u.
We see 1mmediately that a non-trivial solution of the homogeneous
Chaplyglin equation :‘i’.n(/l\;I makes LE zeroc and therefore, F(v) vanishes
for an element ¢ # 0 with (wx,gvy,w‘)eagq. The definiteness of F(uy)
excludes this possibility and proves the uniqueness.
We will now 1nvestigate the functional F(y).
Let H(ﬂ) be the Hilbert space of functions E wlith components
quadratical summable over ﬁ In Hiﬂ) we define the 1nner product

(M
o, | >

(5.8) (u,v), = 0 - dxdy .
i ] ‘R

The boundary values of the elements or H(R) along :8 form a second
Hilbert space HCS) . In H(%) we define

’ Kd \ [ —> >
(5.9) (3,7 ) = J u - v ad
Ny,

Finally we def'ine the operators

|

v ajj)+t”c,._.
1 1k gk 1k k3’

..u | ' 4 ' i d— |
tﬂ a Jn: ) n 1s the outer-normal along 3,

_(‘a

I

:
(5.10)

{!

(B + M)°,

f— i - . ” + v . .
(Bl(tlkak,j )) QtlkckJ

Applying Green's theorem we transform the inner-product (LZ,;;) to

R



o > [ 1 f"
4 ¥ - . ] ‘. “ 8 h | - o J = ‘.‘ : N | ) ) -~
(Lu,v)fR J itk %1, dxdy + J vltlchJquxdy
i R
f 1
D
il f’
_ 3t at v dxdv + vt e u dxdv.
| Uy ltlkakaldxdy | vltlkckJquxdy

J& Jﬂ
In terms of L*: M and M we obtain the fundamental relatilion

(5.11) (Lﬁﬁ)ﬁ - (E,L”?}-")ﬂ = ("M"‘?,E‘)ﬁ - (?r',MG‘i)ﬁ.

This relation 1s the startingpoint for existence-proofs and will be

used in section 6.
“ w o 1
For uniqueness-proofs we assume that (t.. a

ik kual) 1S a symmetrlc operator
and we find from (5.10) and (5.11):

1 | -

(5.12) F(y) = (Lu,u) . = — (E,B{i)ﬁ ~ 5 (4,Ri.

R 2
We will requilire that the matrices B and R are both semi-definite (in the
same sense).,but not zero at the same time if u # 0). Since B and R are

ordinary matrices thils 1s a purely algebrailc problem. Let (tik)“be

given by
a, 31 a2 a3
(tik) = b b1 b2 b3 :
C c':,l c2 03
The symmetry of (tu,alwaw) 1mpllies
1K kJ 1
(5.13) a.,l‘---"""------K.”b:_;8,2:--""‘-------Kc;,b]=z_-3..,b3“"'—'-':-"-----wc;a:_,):---b2«“—=""--»--c,l
For the matrices B and R we find
: _ e ~ * )
aKn1 bKn2 bKnj an2 cKn1 c,.‘n2
5.14 = bKn. + —an. + —~ + e
(5 ) B bKn,I an2 an1 bn2 c,ln1 cn2 .
¢cKkn. + ¢ . n -C n + cn - . n. - c_n



- - ( + 2c¢K (bK) + + 2¢ cK) A

(aK)X (bK)y 2cK \ )x ay : ( )x + G1y,
N R . o e h 4 C B |
(5.15) R (bK)X +ay 201 a, by 2C .. ¥ Cy

(CEK)X + c“l:y' - 3@2 ~c. Cy' - 2(‘33 —C,o, c3*y

There are six functlons to make B and R definiteonof&.

If we choose ¢ = C = Co = 0, one can verify that F(v) 1s the same as the

Morawetz function (5.12). ¢

: 32 - 0 leads to the case of Protter.

- We consider the case of Morawetz, l.e. Cc = C, = Co = 0.

On that part of the boundary where no conditions are prescribed the

matrix
aK 3 0
(5.16) B = R —Q 0 .
0 0 0
where o = an, - bnz, B = bKn1 + an,, must be semi-definite.,

This means that the eigenvalues of B must be semi-definite, which 1s

the case 1f and only i1f

a) = - 0K - B° > 0,

(5.717)

) = o(K-1) 1s semi-definite.

Next we consider that part of the boundary where conditions of the type
(5.18) plx,y)b  + q(x,y')wy = 0

are prescribed. An equivalent fprmulation of these boundary conditions

1S
AD AQ O

(5.18") MU = p w0 | u=o0,
0 0 0

where A and p are functions defined along the boundary.
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We require that M 1s symmetric, hence

D o} 0
(5.18") Mu = A | q 0“/p 0 a1 = 0.
0 O 0
Now we must make G * Bu = u - (B + M)u semi-definite.
For (B + M) we have
aK + AD B + Ag 0
(5.19) B+ M = B + Aq - o + qu/p 0 .
0 0 0

Because of the symmetry of the matrix (B + M) a necessary and sufficient
condition is the semi-definiteness of the eigenvalues of (B + M).

Anglogous to (5.7) we find that

det ( ) 0
w B+ A - o + A —_ 7
| oK + Ap B + Ag i .
trace (B + g o+ Aq?/p) definite.

We choose X in such a way that the determinant vanishes, 1.e.

2 2
(5.20a) ) m-wwgégﬁgmﬁmiméml"§
ap + 28pg - aKqg

Hence the second condition of (5.20) implies that

Y

, 4 | (p° + q°)(a“K + B°) . .
(5.20Db) a(K=1) - 1s semi-definite,
2 2

ap + 28pg - aKg

If we call the boundary without conditionsfﬁ1, and 1f we define

@2 = P- ﬁ' , Wwe obtain the followlng requirements along the boun&ary@:

(5.17a) --(ag + sz)(an + ng) > 0 along 51,
(5.17Db) (K~1 3(&1’11 ~ bng) is semi-definite along 51 :
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(a£+Kb2)(an+n§)
(5.20b) (K*ﬁ)(an!"bnz) - — 3 _ . 2, — ' 2 e, , 5
a(n,ip +?n?pq-n¢qu )+b(-n2p +2n] qu+n2Kq )
1s semi-definite along @2,
To simplify the conditions on R we set
(5.21) a =alx), b =bly).
The eigenvalues of R are simply
- . - W - A g e — .
D] O3 0, K(y)(ax by)+bK : 03 a_ b‘y‘
Therefore the conditions over the domailn ﬁ{ are:
(5.22) -—K(ax--'by) + bK' and ax-—-by are semi-definite in A.
For boundary conditions of the first kind we have
(5.23) IPHO*-?J-P-:VL;) ﬁ};:nw ~-n Yy =0
S 27X 17y >

where s 1s the unitvector along %. From (5.18) we see that p = n2 and

q = “HT. Hence (5.20b) can be written as:
5 0 Kn? + ng
ﬂ [ / + v . s o .
(5.20b" ) La +b ) Man] . 'bn2 seml-deflinite along 92

Now we apply these formulae to boundary value problems of the first

kind for an elliptic, a hyperbolical and a mixed equation, leading to

the Dirichlet-problem, the Goursat-problem and the Tricomi-problem

respectively.

The Dirichlet-problem - In the subsonic region of transonic flow we
have K(y) > 0 and K'(y,) » 0. Now K'(y) may be very small, therefore

conditions (5.22) suggest

According to (5.21) we find

a:dx-i-d] ,2 b =d4dy + d

where 4, d'l and d2 are constants.
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Condition (5.17a) reveals that boundary conditions must be prescribed
along the whole boundarny, a familiar property of elliptic equations.
There remains the condition that

\ 1 -’j + ‘.. . . L .
(5.24) r * n 1s semi-definite along 5,

e o . . , , N
where r 1s a vector with components (a,b) = (dx + &1’ dy + dg).

Figure 9 suggests

Fagu

ad=1,4d4, =4, =0,

’ for then condition (5.24) 1s satis-
‘ > X fied by a wide class of boundary value

problems.

The Goursat-problem - Along the characteristics we have

2 2
Kn1 + n2,
+ + thus the conditions (5.17a) and

(5.20b') are satisfied (see figure
10) along @] and @;
, X Condition (5.22) 1s satisfied by

every constant a and b. We take D

positive and we define
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Because of the positivety of b, (a) 1s satisfied 1f n, * s 2 0 (see
figure 11), or eguivalently Qn, I 2 O. In other words: the slope along

% 1s everywhere greater than the
=7 ,
slope o1 r. In the same way we

prove that 1f (b) 1s satisfied,

SR
» ¥

the slope along ﬁ5+ must be less than
the slope of ;.
Combining these results we find that
X the maximal slope of ﬁ}; can not exceed
the minimal slope of ﬁ_m
2 *+ Condition (¢ ) states that the boundary
part @Z can not cut the same
characteristic twilce.
fige 11
The Tricomi-problem - One may give the same proof as given for the
Goursat-problem. The only difference
between the two problems 1s the
% sign of K(y) along @; We obtain the
same conditions (a) and (b) by
choosing a and b to be constants
with b positive.
Condition (c¢) 1s always satisfied,
7 X so that the maximal slope of 55;
must be less than or egqual to the

minimal slope of .@“. We remark that

1t 1s not necessary for f)E to be a
G characteristic. The conditions (a)
Pig. 12 and (b) imply the condition (5.20b')
alongﬁbw, 1f this part of the
boundary lies within the characteristic
triangle PQT and does not cut the same characteristic twice. Such a

boundary value problem is called the Frankl'-problemn.
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Naturally one may soften the conditions on the elliptic boundary part

by choosling non-constants a and b or by introducing functions c., C and

Cps &S 1s done by Morawetz [‘25‘] and Protter [315 . 33].

6. Weak and Strong solutions

.....

problem with some theorems concerning weak and strong solutions.

We call the solution u of equation (5.6')
(6.1) 1 = f,
which satisfies the boundary condition
(6.2) Ma = 0,

a weak solution, 1f for all :;é dﬁw,

(6.3) (v,f‘)@\ (L v,u)m,

|11

where M* and 'L* are defined in section 5 by (5.10).
Theorem I. An ordinary solution of (6.1) and (6.2) is a weak solution.

The proof follows 1mmediately from (5.11) and the definition of a weak

solutione.

Theorem II. If the matrices B and R are definite 1in the opposite sense

for all "\_}r’eofM*, then there exists a unique weak solution of (6.1) and

(6.2).

.+ .
Proof. Let v be an element é%* and define the element g by

-

(6.4) g = L v.
In analogy to (5.12), we deduce that

f > e - 1, _—> 1T, _ =,

(6.5) (v,L V)g=F () = - §(V,BV)%+ E(v’Rv)a'

From the condition of the theorem we have that equation (6.4) is uniquely
solvable 1n d@w, thus we can define the functional

(6.6) Y(LV) = 64&",%)&, ved ~

uniquely.
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-Iq-r-—f-

This functional ¥(L v) 1s bounded, for according to Cauchy-~Schwartz

we have

and from (6.5) we have

- | ot R _:L ->
HVH@V“* HL VHG\/“2 |(V,RV)&|,
thus
- v ] L _
(6.7) (W (L v) :2“":'“":;:%‘3"“@ Ilf’ll@v*@ L VH@-
| (V5RV ) |

'Yy || is bounded by 2|]?ib&/11R|

Now R 1s a symmetrical matrix, hence .
The functional Y 1s a linear bounded functional defined on the range

of ﬁwl According to FHahn-Banach we can extend Y with the same norm over
the whole space HTﬂD. If we now apply the representation-theorem of
Riesz, we can write

(6.8) @(Dﬁ3) = (L v,u(?:

for just one element Qe

From (6.6) and (6.8) we see that the equations (6.1) and (6.2) are
uniquely solvable 1n the weak sense, proving the theorem.

The unique existence of a weak solution for the Tricomli problem was
first proved by Morawetz [?Qj.

We remark that the method described in section 5 may be used to prove
the uniqueness and existence of weak solutions, where for ordinary

solutions the method yields only unigueness.

Besides the notilon of weak solutions one has i1ntroduced strong solutions.
A solution 18 called strong 1f 1t lies 1n the closure of the graph of
(6.17) and (6.2). The theory concerning strong solutions i1s essentially

developed by Friedrichs [5], Lax [23] and Lax and Philips [24].
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